We consider the early time regime of the Kardar-Parisi-Zhang (KPZ) equation in 1 + 1 dimensions in curved (or droplet) geometry. We show that for short time t, the probability distribution P (H, t) of the height H at a given point x takes the scaling form P (H, t) ∼ exp −Φ drop (H)/ √ t where the rate function Φ drop (H) is computed exactly. While it is Gaussian in the center, i.e., for small H, the PDF has highly asymmetric non-Gaussian tails which we characterize in detail. This function Φ drop (H) is surprisingly reminiscent of the large deviation function describing the stationary fluctuations of finite size models belonging to the KPZ universality class. Thanks to a recently discovered connection between KPZ and free fermions, our results have interesting implications for the fluctuations of the rightmost fermion in a harmonic trap at high temperature and the full couting statistics at the edge.
We consider the early time regime of the Kardar-Parisi-Zhang (KPZ) equation in 1 + 1 dimensions in curved (or droplet) geometry. We show that for short time t, the probability distribution P (H, t) of the height H at a given point x takes the scaling form P (H, t) ∼ exp −Φ drop (H)/ √ t where the rate function Φ drop (H) is computed exactly. While it is Gaussian in the center, i.e., for small H, the PDF has highly asymmetric non-Gaussian tails which we characterize in detail. This function Φ drop (H) is surprisingly reminiscent of the large deviation function describing the stationary fluctuations of finite size models belonging to the KPZ universality class. Thanks to a recently discovered connection between KPZ and free fermions, our results have interesting implications for the fluctuations of the rightmost fermion in a harmonic trap at high temperature and the full couting statistics at the edge. It is by now well known that many stochastic growth models in one dimension belong to the celebrated KardarParisi-Zhang (KPZ) universality class [1] [2] [3] . These models are usually described by a field h(x, t) that denotes the height of a growing interface at point x at time t. At the center of this class resides the continuum KPZ equation [1] where the height evolves as
where ξ(x, t) is a Gaussian white noise with zero mean and ξ(x, t)ξ(x , t ) = δ(x − x )δ(t − t ). We use everywhere the natural units of space x * = (2ν) 3 /(Dλ . At late times in all these growth models, including the KPZ equation itself, while the average height increases linearly with t, the typical fluctuations around the mean height grow as ∼ t 1/3 [2] . Moreover even the probability distribution function (PDF) of the centered and scaled height is universal and is described by the Tracy-Widom (TW) [4] and Baik-Rains [6, 7] distributions, with a parameter that depends on the class of initial conditions (flat, droplet, stationary) [3, [5] [6] [7] [8] [9] [10] [11] . Some of these predictions have also been verified in experiments [12] [13] [14] .
Recently it was shown [15] that these models undergo a third order phase transition at late times from a strong to weak coupling phase [16, 17] . The signature of this transition is captured by the large deviation rate functions that characterize atypical fluctuations of the height of order t. For example for the continuum KPZ equation for the droplet initial condition, the distribution P (H, t) of the height H at a given space point (suitably centered) takes the form at large times [15] 
and the purple line corresponds to the Edward-Wilkinson Gaussian regime (6) . Inset: Log-log plot of the left tail compared with the asymptotics (5).
while the central region H ∼ t 1/3 is governed by the TW distribution associated with the Gaussian Unitary Ensemble (GUE). The result in the right tail in (3), also holds for the flat initial condition.
It is then natural to wonder: are these tails P (H, t) ∼ e −|H| 3 /(12t) (H large negative) and ∼ e − 4 3 H 3/2 /t 1/2 (H large positive) visible only at late times, or do they appear even at early times? It is well known that the central typical regime at early times is described by a Gaussianobtained from the Edwards-Wilkinson's (EW) equation [18] setting λ 0 = 0 in the KPZ equation. What about the tails? Recently, Meerson et al. [19] studied this question for the flat initial condition using the weak noise theory (WNT) (see also earlier results [20] ), valid for short times. For the right tail they found ∼ e In this Letter, we show that the early time PDF P (H, t) for the droplet initial condition takes the form 
The first three cumulants of H obtained from Eqs. (4) and (22) are in agreement with the leading small time behavior obtained in [9] , while here we obtain all cumulants. In the case of the flat initial condition one expects a similar form [19] ,
. However, the function Φ flat (H) has not been obtained explicitly apart from the tails [21, 22] and the first two cumulants [19, 23] . Therefore the |H| 5/2 left tail seems to hold for a variety of initial conditions. Interestingly, as discussed below, our main results, Eqs. (4) and (22), turn out to be very reminiscent of the universal large deviation fluctuations obtained in the stationary regime of finite-size models in the KPZ universality class [24] [25] [26] [27] [28] [29] [30] .
Remarkably, these results for the 1D classical KPZ equation can be applied to an apriori different quantum problem of N non-interacting fermions in a onedimensional harmonic trap, using a recent mapping between the two problems [31] . Under this mapping, the time t in the KPZ equation corresponds to N/T 3 where T is the (dimensionless) temperature of the fermionic system. In particular it was shown [31] that the fluctuations of the (dimensionless) position of the rightmost fermion x max near the edge x edge of the Fermi gas, are related to those of the KPZ height at the origin h(0, t), as
where ≡ in law means identical PDF's. Here, on the l.h.s. N is large, x edge = √ 2N and w N = N −1/6 / √ 2. On the r.h.s. γ is a Gumbel distributed random variable with PDF given by P (γ) = e −γ−e −γ , independent of the height h(0, t). This equivalence in law is valid in the limit of N → +∞, T → +∞ but with the ratio t = N/T 3 fixed. Therefore our short time results for the KPZ equation, lead to exact predictions (29) for the high temperature behavior of the rightmost fermion.
Here for definiteness we focus on the narrow wedge initial condition, h(x, 0) = −|x|/δ − ln(2δ), with δ 1. This initial condition gives rise to a curved (or droplet) mean profile as time evolves [3, [8] [9] [10] [11] . We focus on the shifted height at a given space point, and define [32]
The starting point of our calculation is the exact formula for the following generating function, obtained in [8] [9] [10] [11] exp − e
where . . . denotes an average over the KPZ noise. Here Q t (s) is a Fredholm determinant associated to the kernel (12) defined in terms of the Airy function Ai(x) and the weight functions
In (11), P 0 denotes the projector on the interval r ∈ [0, +∞[. In principle, the formula (10) allows us to obtain, via a Laplace inversion, the PDF of H(t) for arbitrary t. The resulting expression [8, 9, 11] is quite complicated: it has been analyzed at large time, but is not very convenient for a finite time analysis. We now show how to extract the small time behavior directly from the generating function (10) .
It is convenient to introduce the kernel
defined in terms of the Airy kernel
From (14) and (15), one checks that TrK
p for any integer p ≥ 1, which allows us to rewrite [33] ln
a convenient form to study the small t limit.
We now illustrate the small time analysis on the first term p = 1 of this series, the general term being analyzed in [34] . One has
where we have performed the change of variable u = v/t 1/3 and defineds = st 1/3 . We see on this equation that the small t limit is controled by the large argument behavior of the Airy kernel. Since it is decreasing exponentially fast at positive large arguments, we only need its behavior for large negative arguments. To treat arbitrary p in the equation (16) we need the following asymptotic estimate, valid for v < 0 and w fixed (see [34] )
sin |v|w w .
We can thus replace (17) . This leads to leading order for small t
where we defined I p (s) :=
Remarkably, this small t estimate (19) can be generalized to all p to obtain the leading behavior TrK
. The series (16) can then be summed up, leading to
(−z) (20) in terms of the poly-logarithm function Li ν (x) = +∞ p=1 x p /p ν . Hence the exact formula for the generating function (10) takes the following form at small time
where we use z = e −s . Note that the l.h.s. is finite only for z > 0 (for z < 0 it is infinite).
From this, assuming the form (4) and inserting it in (21) for any z > 0, we obtain Φ drop (H) by a saddle point analysis [34], as
where H c = ln ζ(3/2) = 0. 
Plot of the ratio R = P (H, t)/PGauss(H, t) for t = 1/8, where PGauss(H, t) corresponds to the Gaussian regime (6) . The triangles, circles and squares correspond respectively tot = 128,t = 256 and t = 512. We see that whent increases the agreement with the short time continuum limit improves.
One can also compute the cumulants of the height as,
, where φ (q) is the q-th derivative of
We display here the first four cumulants
Remarkably, these cumulants are very similar to the ones obtained for the stationary fluctuations of the total integrated particle current for the TASEP on a finite ring [24, 25] . This similarity holds for all higher cumulants as well (see [34] ). In fact, the generating function associated with these cumulants, called G in [24, 25] also appears in the stationary regime of the ASEP and of the KPZ equation on a finite ring [26] [27] [28] [29] [30] , and is different, but similar to our function Ψ. It remains a puzzle why this universal function G describing the late time stationary regime in a finite system should be similar to our short time large deviation function in an infinite system. Our results also describe the high temperature limit of lattice directed polymer models (DP), which allows for a numerical test. We simulate a DP growing on a 2D square lattice with unit Gaussian site disorder. For inverse temperature β 1, the number of stepst corresponds to the time of the continuum model as t = 2tβ 4 [9] (see [34] for details). The result for P (H, t) is shown in Fig. 2 : the data shows (slow) convergence to our prediction.
Fermions in an harmonic trap. Consider now the quantum problem of N non-interacting spinless fermions of mass m in an harmonic trap at finite temperature T , described by the Hamiltonian H = Prob
where
Since we have already analysed the small time limit t 1 of the Fredholm determinant Q t (s) (as in Eq. (20) ), this provides us with an explicit formula for the fermion problem, valid in the high temperature region b 1 of the edge scaling regime. To use the result in (20), we first set s =s/t 1/3 in (26) where t 1/3 = N 1/3 /T . The regime t 1 corresponds to T N 1/3 . This leads us to define a new random variable 
Using Li 5/2 (y) y for small y, it is easy to see that the PDF of ξ is peaked around the typical value ξ = ξ typ = and zero higher cumulants. In conclusion we have studied the statistics of the height fluctuations for the continuum KPZ equation at short time with the droplet initial condition. We obtained the exact analytical rate function Φ drop (H) and compared with numerics. It confirms, and extends, through an exact solution, recent approaches using weak noise theory developed for the flat geometry and unveils puzzling similarities with other large deviation results for finite-size system. We demonstrate that, remarkably, the right tail coincides with the Tracy- 
S(−2H) where S(H)
is given in [19] . [32] The continuum solution is related to the physical solution up to a non-universal shift (i.e. renormalization). Let us call h phys (x, t) the solution to a physical KPZ problem with a regularized, i.e. smooth noise at small scale. Then, above a correspondingly small time and length scale, the continuum and physical solutions are related as follows h(x, t) = ln Z phys (x, t)/ Z phys (x, t) + ln Z0(x, t) = h phys (x, t) − ln( exp(h phys (x, t)) ) + ln Z0(x, t). It holds for an arbitrary initial condition provided Z0(x, t) is chosen as the solution of the free diffusion equation with that initial condition. See [23] for a more detailed discussion in case of flat initial conditions.
[33] We recall that, for a trace-class operator K(x, y) such that TrK = dxK(x, x) is well defined,
The effect of the projector P0 in (11) is simply to restrict the integrals over xi's to the interval [0, +∞). .
SUPPLEMENTARY MATERIAL
We give the principal details of the calculations described in the manuscript of the Letter.
SHORT TIME ESTIMATE OF THE FREDHOLM DETERMINANT Qt(s)
We start by deriving the formula for Q t (s) given in Eq. (20) in the Letter. From Eqs. (11) and (16) given in the Letter, one has
where K Ai (u, u ), the Airy kernel, and σ t,s are given in Eqs. (15) and (13) of the Letter (respectively). Hence one has
The expression of σ t,s (v) = σ(t 1/3 (v −s)) suggests to perform the change of variable v i → v i /t 1/3 , which yields (setting s = st 1/3 ):
Let us now recall the two useful representations of the Airy kernel
From the second expression , and using the asymptotic expansion of the Airy function for the large negative argument Ai(x) ∼ cos (π/4 − 2|x| 3/2 /3)/ π|x| 1/2 , for x → −∞, one obtains the limiting form of the Airy kernel as lim t→0,v1<0
On the other hand, for v 1 > 0, the Airy kernel vanishes exponentially in the limit t → 0 and therefore only the region where all the v i are negative need to be considered in Eq. (34). Hence for p ≥ 2, separating the center of mass coordinate (which we take as v 1 ) and the p − 1 relative coordinates v j = v j−1 + t 1/2 w j we obtain
The multiple integral defining I p in Eq. (38) can be computed explicitly, using sin x/x = (1/2)
e ikx dk and an integral representation of the delta function in Eq. (38), to obtain
Thus, from Eq. (32) together with Eqs. (38) and (39), one obtains
It is then straightforward to perform the sum over p to get
as given in the Letter in Eq. (20).
COUNTING STATISTICS FROM A GENERALIZED FREDHOLM DETERMINANT
We give here the details of the calculation of the characteristic function for the full counting statistics, and from it the cumulants of the fermion number (31) displayed in the text, since it is a very simple modification of the previous calculation. We use the fact that the quantum probability measure on the fermion positions x i becomes a determinantal process in the limit of large N [1] .
Denoting as in the text, N (s), the total number of fermions in the interval [s, +∞[ we can use the standard property of a determinantal process to express the Laplace transform of its distribution as
where K t,s andK t,s are defined respectively in (12) and (14) in the text. So it is a simple generalization of Q t (s), which is recovered for λ = +∞. It can thus also be expanded in traces of powers
Following the same steps as in the previous section, we thus obtain
In the notations of the text, t → b 3 = N/T 3 and z → e s (note thats is denoted simply s in the part on the fermions) we obtain the characteristic function (as the Laplace transform) 
from which the cumulants (31) given in the text are easily extracted. Note that the fact that in the typical region s − ξ typ = O(1), the statistics is Poisson can also be seen directly on the above characteristic function since in that limit ln e −λN (s)
−e ξtyp−s (1 − e −λ ).
EVALUATION OF Φ drop (H)
We start from Eq. 
The function W (z * ) vs z * is plotted in Fig. (3) , with the two branches W 1 (z * ) (shown by solid (black) line) and W 2 (z * ) (shown by the dashed (red) line). We remark that there is no phase transition at H = H c , as the function Φ(H) is analytic at H = H c .
Remarkably, these cumulants carry an uncanny resemblance to the late time cumulants of the total integrated current in the totally asymmetric exclusion process (TASEP) on a ring of size N , derived by Derrida and Lebowitz [2] . More precisely, Derrida and Lebowitz considered the TASEP on a finite ring of size N with a fixed density ρ of hard core particles. Each particle attempts a jump to the neighboring site with rate 1 and succeeds provided the target site is empty. Let J i (T ) denote the total current up to time t through the bond i, i.e., the total number of particles that have passed through the bond i up to time T . They considered the random variable Y T =
